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Quark mass dependence of the equation of state (EOS) for nucleonic matter is investigated, on
the basis of the Brueckner-Hartree-Fock method with the nucleon-nucleon interaction extracted
from lattice QCD simulations. We observe saturation of nuclear matter at the lightest available
quark mass corresponding to the pseudoscalar meson mass ≃ 469 MeV. Mass-radius relation of the
neutron stars is also studied with the EOS for neutron-star matter from the same nuclear force in
lattice QCD. We observe that the EOS becomes stiffer and thus the maximum mass of neutron star
increases as the quark mass decreases toward the physical point.
PACS numbers: 12.38.Gc, 13.75.Cs, 21.65.Mn, 26.60.Kp
The equation of state (EOS) for hadronic matter is a
key quantity for understanding the physics of compact
stars and explosive phenomena in astrophysics. From
the observational point of view, recent reports on mas-
sive neutron stars put stringent constraints on the EOS
[1]. In the future, neutrinos from core-collapsed super-
novae and gravitational waves from neutron star mergers
will give further constraints on the EOS [2, 3]. From the
theoretical point of view, various approaches to calculate
the EOS have been pursued so far, e.g. the Brueckner-
Bethe-Goldstone theory [4], the quantum Monte Carlo
simulations [5], and the chiral effective theories [6, 7].
Although they provide reasonable descriptions of the nu-
clear matter at low density, it is still beyond the scope
of these approaches to answer the fundamental questions
such as the quark-mass (mq) dependence of the nuclear
saturation property and the maximum mass of neutron
stars. These questions can only be answered by many-
body techniques with hadronic interactions obtained by
lattice QCD simulations for different mq.
The purpose of this Letter is to make a first exploratory
study for the nuclear and neutron matter EOS by com-
bining the Brueckner-Hartree-Fock (BHF) many-body
theory with the nuclear force obtained from lattice QCD
simulations. In particular we study how the saturation
develops in nuclear matter and how the mass-radius re-
lation of the neutron star changes as a function of mq:
Such mq dependence of the EOS gives us useful informa-
tion on the physics of strongly interacting nucleons, even
though the values of mq in this study are still away from
the physical one. In addition, it is certainly important to
establish a direct connection between lattice QCD and
the physics of the nucleonic matter.
The nuclear force which we adopt in this Letter is
taken from the zero-strangeness sector of the octet-
TABLE I: MPS, MV and MB denote hadron masses corre-
sponding to the pseudoscalar meson, vector meson and octet
baryon, respectively, with the SU(3) symmetric hopping pa-
rameter κuds [9]. Trajectory length Ntraj and number of con-
figurations Ncfg are also shown.
κuds MPS [MeV] MV [MeV] MB [MeV] Ncfg /Ntraj
0.13660 1170.9(7) 1510.4(0.9) 2274(2) 420 / 4200
0.13710 1015.2(6) 1360.6(1.1) 2031(2) 360 / 3600
0.13760 836.5(5) 1188.9(0.9) 1749(1) 480 / 4800
0.13800 672.3(6) 1027.6(1.0) 1484(2) 360 / 3600
0.13840 468.6(7) 829.2(1.5) 1161(2) 720 / 3600
baryon potentials in the flavor-SU(3) limit calculated
on the lattice [8, 9], where the renormalization group
improved Iwasaki gauge action and the nonperturba-
tively improved Wilson quark action were employed on
a 323 × 32 lattice with the lattice spacing a =0.121(2)
fm. The potentials were derived from the imaginary-time
Nambu-Bethe-Salpeter wave functions by the HAL QCD
method [10–12], at the quark masses corresponding to
the pseudoscalar meson masses (MPS) ranging between
469 and 1171 MeV. Shown together in Table I are the
vector meson mass (MV) and the baryon mass (MB) for
these quark masses.
In Fig. 1, we show the NN potentials obtained from
fits to the lattice data in S and D-waves at MPS ≃ 469
MeV. These potentials share common features with phe-
nomenological potentials, i.e., a strong repulsive core
at short distance and the attractive pocket at interme-
diate distance, so that the 1S0 phase shift in Fig. 2
shows qualitatively similar behavior with the experimen-
tal data [9]. While the phase shift in the 3S1 channel
shows stronger attraction at low energies than that of the
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FIG. 1: The NN potentials for S and D waves extracted from
lattice QCD data at MPS = 469 MeV in the flavor-SU(3)
limit. The lines are obtained by the least χ2 fit to the lattice
data (see [9] for the fit function).
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FIG. 2: Phases shifts of NN scattering as a function of energy
in the laboratory frame, extracted from lattice QCD data at
MPS = 469 MeV in the flavor-SU(3) limit: The black and gray
dashed lines are partial wave analysis (PWA) of experimental
data taken from NN-OnLine (http://nn-online.org/) .
1S0 channel due to
3S1-
3D1 mixing, it is still insufficient
to form the deuteron bound state even at MPS ≃ 469
MeV [9, 13]. Although we found no bound state in two
and three nucleon systems, there exists a four-nucleon
bound state, namely, 4He, with about 5 MeV binding
energy at MPS ≃ 469 MeV [9].
Let us now study the EOS for nuclear matter and
neutron matter in the leading order of the Brueckner-
Bethe-Goldstone (BBG) hole-line expansion, i.e., the
Brueckner-Hartree-Fock (BHF) theory (see e.g. [4]),
where the total ground-state energy E at zero temper-
ature with the nucleon mass MN and the Fermi momen-
tum kF reads
E =
kF∑
k
k2
2MN
+
1
2
kF∑
k,k′
Re 〈kk′|G(e(k)+e(k′))|kk′〉A (1)
with |kk′〉A ≡ |kk
′〉 − |k′k〉. To simplify the notation,
spin and isospin indices of the nucleons are included in
-20
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FIG. 3: Ground state energy per nucleon (E/A) for symmetric
nuclear matter as a function of kF obtained by the BHF the-
ory with the NN potential from lattice QCD. Filled square
indicates the empirical saturation point, and the curves la-
beled APR are taken from Ref. [16] with and without the
phenomenological three nucleon force. The error bars for the
result at MPS ≃ 469 MeV are the statistical uncertainties
estimated by dividing the gauge configurations into two sets.
the label k. The G matrix, describing the in-medium
effective interaction of the two nucleons, obeys the Bethe-
Goldstone integral equation with the bare interaction V ,
〈k1k2|G(ω)|k3k4〉 = 〈k1k2|V |k3k4〉
+
∑
k5,k6
〈k1k2|V |k5k6〉Q(k5, k6) 〈k5k6|G(ω)|k3k4〉
ω − e(k5)− e(k6)
(2)
where Q(k, k′) = θ(k − kF )θ(k
′ − kF ) is the Pauli ex-
clusion operator tp prevent two nucleons from scatterng
into occupied states. The single particle energy e(k) =
k2
2MN
+ U(k) contains the single-particle potential U(k)
defined by
U(k) =
∑
k′≤kF
Re 〈kk′|G(e(k) + e(k′))|kk′〉A . (3)
The G matrix is obtained by solving Eqs.(2,3) self-
consistently, using the lattice QCD NN potential for V
and the lattice QCD nucleon mass for MN . Then the
total energy E is obtained from Eq.(1). We employ the
matrix inversion method [14] with the continuous choice
for U(k > kF ) [15]. Because of the limitation for the
lattice QCD potentials available at present, we keep the
partial-wave decomposition of the G-matrix only up to
1S0,
3S1, and
3D1 channels.
Figure. 3 shows the ground state energy per nucleon
(E/A) for the symmetric nuclear matter (Z = N = A/2
with the proton number Z, neutron number N and the
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FIG. 4: Ground state energy per neutron for the pure neutron
matter as a function of the Fermi momentum. Details of the
calculation are the same as Fig. 3.
mass number A = N + Z) as a function of kF for dif-
ferent mq. The most important feature of the sym-
metric nuclear matter in the real world is its satura-
tion property; i.e., E/A takes the minimum at normal
nuclear matter density ρ0. The empirical saturation
point from the Weizsa¨cker mass formula corresponds to
(kF , E/A) ≃ (1.36 fm
−1,−15.7 MeV) as indicated in
Fig. 3. Also, we show the results of Ref. [16] which em-
ploys the variational method with AV18 NN potential
with and without phenomenological three-nucleon NNN
force.
Our result at the lightest quark mass (MPS ≃ 469
MeV) in Fig. 3 indicates that the symmetric nuclear mat-
ter becomes a self-bound system with a saturation point
(kF , E/A) ≃ (1.83 ± 0.16 fm
−1,−5.4 ± 0.5 MeV). Here
the errors are statistical uncertainties estimated by di-
viding the gauge configurations into two sets. This is
the first time that the nuclear force obtained from first
principle lattice QCD simulations leads to the saturation
in the symmetric nuclear matter. The saturation point,
however, deviates from the empirical point primarily due
to heavy quark masses in our lattice simulation and the
lack of NNN force in our BHF calculation.
Also, we find nontrivial mq dependence of the EOS:
the saturation disappears at intermediate quark masses
(MPS ≃ 672, 837 MeV) and appears again at the heavy
quark mass region (MPS ≃ 1015, 1171MeV). This implies
that the saturation originates from a subtle balance be-
tween short-range repulsion and the intermediate attrac-
tion of the nuclear force which have different mq depen-
dence [9]. The saturation points for MPS ≃ 1015, 1171
MeV locate at more than 10ρ0, so that the effect of finite
lattice spacing and the validity of BHF theory need to
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FIG. 5: Mass-radius relation of the neutron star. Neutron-
star matter consists of n, p, e−, and µ− with charge neu-
trality and chemical equilibrium. EOS for the nucleons is
obtained by an interpolation between Fig. 3 and Fig. 4 under
the parabolic approximation.
be carefully checked for those cases. Our restriction of
the NN interactions and the G matrix to the 1S0 and
3S1-
3D1 channels may not be a bad approximation, since
the S wave is known to be a dominant contribution and
higher partial waves tend to cancel with each other near
the physical saturation point [17]. Nevertheless, we will
include the results of on-going spin-orbit force calcula-
tion on the lattice [18] in the near future. In addition,
we need to include the three-nucleon force from lattice
QCD simulations [19] to make the EOS at high density
more realistic.
Figure. 4 shows E/A for the pure neutron matter (N =
A) as a function of kF . In this case, neutron matter is
not self-bound due to large Fermi energy. The pressure
of the system is proportional to the slope of E/A as P =
ρ2 ∂ (E/A)∂ρ =
k4
F
9pi2
∂ (E/A)
∂kF
; Fig. 4 indicates that P increases
quite rapidly as mq decreases.
To see the mq dependence of the EOS for neutron-
star matter, we calculate the mass (M) and the ra-
dius (R) of neutron stars for different mq: The Tolman-
Oppenheimer-Volkoff equation is solved by using the
EOS of neutron-star matter with neutron, proton, elec-
tron and muon under the charge neutrality and beta
equilibrium. For asymmetric nuclear matter, we use
the parabolic approximation, EA (ρ, x) =
EZ=N
A (ρ) + (1 −
2x)2ǫsym(ρ) with the symmetry energy ǫsym = EZ=0/A−
EZ=N/A and the proton fraction x = ρp/ρ. This is a
standard interpolation between the symmetric nuclear
matter and pure neutron matter. The leptons (electrons
and muons) are treated as the noninteracting Fermi gas.
Solving the Tolman-Oppenheimer-Volkoff equation with
a given value of central mass-energy density as an initial
condition, we obtain the M -R relation for a spherically
symmetric and nonrotating neutron star.
Shown in Fig. 5 is the M -R relation of the neutron
star for different mq. As mq decreases, the M -R curve
4shifts to the upper right direction, indicating directly the
stiffening of our EOS. The maximum mass of the neutron
star (Mmax) is found to be 0.53 times the solar mass
(M⊙) at the lightest mq corresponding to MPS ≃ 469
MeV and MN ≃ 1161 MeV [20]. Such a maximum mass
is too small to account for the observed neutron stars
obviously due to the heavy mq: A naive extrapolation of
Mmax and the corresponding radius to MPS = 137 MeV,
with a function f(MPS) = a/(MPS+ b) + c, for example,
givesMmax = 2.2M⊙ and R = 12 km. Although this is a
crude estimate, it is encouraging for future quantitative
studies [21].
Throughout this Letter, the NN potentials are taken
from the zero-strangeness sector of the octet-baryon po-
tentials obtained by lattice QCD simulations with flavor-
SU(3) symmetry. In this case, the vacuum polarization
of the s quark contributes equally to the u and d quarks,
though the valence quarks are restricted to only u and d
quarks in the NN sector. To be more realistic, we need
to consider explicit breaking of flavor-SU(3) symmetry:
Studies along this line on the lattice have been already
started [12] and results will be implemented in our future
EOS calculation with the BHF theory.
To describe the nuclear matter and the neutron matter
around the normal nuclear density, it is sufficient to focus
on the zero-strangeness sector. However, as the density
exceeds a few times the normal nuclear density, hyperons
(Y ) would start to appear in the ground state, which is
particularly relevant to the central core of neutron stars
(see e.g. [22] and references therein). Therefore, con-
struction of the EOS with Y N and Y Y interactions is an
important next step in our approach. Since the hyperon
forces are not well constrained by the experimental data,
the results of the lattice QCD simulations [12] are quite
useful. The three-baryon interactions [19] with hyperons
will also be important to construct a realistic EOS to
sustain recently discovered massive neutron stars. The
results of the present Letter provide a starting point of
all these developments in the near future.
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